Inspired by the newly observed three resonances X(1835), X(2120) and X(2370), in this work we systematically study the two-body strong decays and double pion decays of η (1295) 
I. INTRODUCTION
Very recently the BES-III Collaboration reported the observation of several resonant structures in the η ′ π + π − invariant mass spectrum in J/ψ → γη ′ π + π − [1] . Among these resonant structures, X(1835) that was first observed by the BES-II Collaboration [2] , was confirmed with mass and width of M X(1835) = 1836.5 ± 3.0(stat) +5.6 −2.1 (syst) MeV and Γ X(1835) = 190 ± 9(stat) +38 −36 (syst) MeV, respectively. The BES-II determinations of the X(1835) resonance parameters are M = 1833.7 ± 6.5(stat) ± 2.7(syst) MeV and Γ = 67.7 ± 20.3(stat) ± 7.7(syst) MeV with J PC = 0 −+ . In contrast with the BES-III result, it shows that the newly measured width is larger than that from BES-II.
Apart from the X(1835), the observation of another two resonant structures initiate a lot of interests here, i.e. where we refer to these two new structures by the names X(2120) and X(2370) in this work.
M X(2120)
In 2005, when X(1835) was firstly announced by the BES-II Collaboration, it immediately stimulated tremendous interests in its internal structure. In particular, its appearance in η ′ π + π − instead of ηπ + π − has initiated various interpretations based on exotic configutations. Taking into account the new observation of the X(2120) and X(2370) by BES-III, it could be a great opportunity for us to gain some deep insights into the isoscalar pseudoscalar meson spectrum. To proceed, we first give a brief review of the studies of the X(1835) in the literature. We will then propose a classification scheme to combining the X(2120) and X(2370) with the existing pseudoscalar mesons in the quark pair creation (QPC) model.
In Ref. [3] , X(1835) was explained as the lowest pseudoscalar glueball state due to the instanton mechanism of partial U(1) A symmetry restoration. For further explaining why the mass of X(1835) is lower than the prediction of the quenched Lattice QCD and QCD sum rules (QCDSR), an η c -glueball mixing mechanism was proposed [4] . Later, the authors of Ref. [5] studied the QCD anomaly contribution to X(1835) using the QCDSR, and obtained a sizable matrix element 0|GG|G P for X(1835). It shows that X(1835) could be explained as a pseudoscalar state with a large gluon content. In Ref. [6] , a further study of X(1835) as a pseudoscalar glueball was performed by estimating the decay rates of X(1835) → VV, γV, γγ and cross sections of γγ → X(1835) → f and h 1 + h 2 → X(1835) + · · · by an effective Lagrangian approach. A 0 −+ trigluon glueball with mass range 1.9 ∼ 2.7 GeV was also investigated within a baryonium-gluonium mixing picture using the QCDSR [7] .
It is worth mentioning that before the observation of X(1835), the BES-II Collaboration once reported a pp subthreshold enhancement X(1860) in the J/ψ → γpp decay [8] . This observation has also stimulated broad studies of the nature of this enhancement among which the pp baryonium appears to be attractive [9] [10] [11] [12] . The new data from the BES-III Collaboration also confirmed the X(1860) signal in ψ ′ → π + π − J/ψ(J/ψ → γpp) [13] . Later, the CLEO Collaboration also reported the observation of X(1860) [14] as an independent confirmation of this enhancement. Combining the Here, all data are taken from PDG [24] and the BES observations [1, 2] .
X(1860) signal with the later observed X(1835) by BES-II, it was conjectured that these two structures might be originated from the same resonant state. Ding and Yan proposed that X(1835) could be treated as a baryonium with a sizable gluon content. This would explain why X(1835) was produced in the J/ψ radiative decays and with large couplings to pp, η ′ ππ [15] [16] [17] . Calculations by the QCDSR [18] and large-N c QCD [19] seemed to support that X(1835) contained a baryonium component. A study based on the conventional NN potential model [20] suggested that X(1835) could be a broad and weakly bound state NN S (1870) in the 11 S 0 wave. However, the calculations of the strong and electromagnetic decays of X(1835) under the baryonium assumption obtained a rather small width for X(1835) → η ′ π + π − [21] . Apart from those proposed explanations for X(1835) as an exotic state, efforts have also been made to understand X(1835) from the point of view of a conventionalstate. Huang and Zhu treated X(1835) as the second radial excitation of η ′ (958) and discussed the strong decay behavior by the effective Lagrangian approach [22] . In Ref. [23] , several twobody strong decays of X(1835) associated with η(1760) were studied by the QPC model, where X(1835) is assigned as the n 2s+1 L J = 3 1 S 0 state. Although great efforts have been made in the literature, the properties of X(1835) still remain unclear at present. This situation may be improved by the BES-III observations of X(2120) and X(2370) associated with X(1835) in the η ′ π + π − invariant mass spectrum. Nevertheless, the upgraded experimental information may allow us to have an overall view of the pseudoscalar meson spectrum, which has not been systematically addressed before.
To proceed, we organize the paper as follows. After the Introduction, we propose a quark model scheme to organize the so-far observed pseudoscalar mesons based on a qualitative analysis of the pseudoscalar mass spectrum. In Sec. III, the QPC model for the study of the strong decays of η(1295), η(1475), η(1760), X(1835), X(2120) and X(2370) in our categorizing scheme is summarized. In Sec. IV, the numerical results are presented and compared with the experimental data. Discussion and conclusion are given in Sec. V.
II. THE CATEGORIZING SCHEME FOR THE PSEUDOSCALAR MESON SPECTRUM
In particle data group (PDG) [24] , six isoscalar pseudoscalar states, η(548), η ′ (958), η(1295), η(1405), η(1475), η(1760) and η(2225), are listed as observed states. Among these states, η(548) and η ′ (958) are well established as the ground states of the 0 − nonet associated with π 0 , π ± , K ± , K 0 andK 0 . Such a quark model scenario should be a good starting point for classifying the observed higher pseudoscalar states as radial excitations of the ground states.
It is well-established that π ±,0 , K ±,0 ,K 0 , η(548) and η ′ (958) belong to the ground state pseudoscalar nonet. It is also recognizable that π(1300), K(1460), η(1295), and η(1475) make the first radial excitation states of 0 − mesons [25] . There have been broad discussions about the nature of η(1405). For instance, a recent review of this state can be found in Refs. [24, 26, 27] . In most theoretical studies [28] [29] [30] [31] [32] [33] , the decay patterns of η(1405) indicate its being possible candidate of 0 −+ glueball with the mass consistent with the prediction of the flux tube model [34] . In any case, if one leaves η(1405) as a pseudoscalar glueball and to be investigated separately, it is interesting to recognize a pseudoscalar nonet of the second radial excitations formed by π(1800), K(1830), η(1760) and X(1835). Note that η(1760) was observed in the invariant mass spectra of ωω [35] and ρρ [36] . It makes a natural assignment of η(1760) as the second radial excitation of η(548). In contrast, X(1835) strongly couples to η ′ π + π − instead of ηπ + π − . This makes it a reasonable partner of η(1760) as the second radial excitation of η ′ (958) [22] . Since X(2120) and X(2370) associated with X(1835) were observed in the η ′ ππ mass spectrum, we naturally deduce that the newly observed X(2120) and X(2370) could be categorized as the radial excitation states in η−η ′ family. There exist several possible assignments to X(2120) and X(2370) due to lack of further experimental information: (1) X(2120) is the third radial excitation of η(548) or η ′ (958); (2) X(2370) is the fourth radial excitation of η(548) or η ′ (958); (3) X(2120) and X(2370) are the third radial excitations of η(548) and η ′ (958), respectively.
The above categorizing can also be understood by examining the mass spectrum. In Fig. 1 , we present the mass spectrum of all these states with their mass gaps indicated explicitly by ∆ Following the above relations, we can apply ∆ j < ∆ i and ∆ ′ j < ∆ ′ i with ( j > i) as a criteria to distinguish the different assignments to X(2120) and X(2370). X(2120) as the third radial excitation of η(548) or η ′ (958) can result in the mass gap between X(2120) and η(1760)(X(1835)) is smaller than the corresponding ∆ 2 (∆ ′ 2 ). X(2370) as the fourth radial excitation of η(548) is suitable since the mass gap between X(2370) and X(2120) is smaller than that between X(2120) and η(1760). Additionally, X(2370) could be as the fourth radial excitation of η ′ (958), which will be discussed later.
The above assignments of X(1835), X(2120) and X(2370) seem to be consistent with the analysis of Regge trajectories (RTs) [37] . This is an valuable approach to provide quantitative estimate of hadron masses with the same quantum number. In Fig. 3 , we plot the 0 −+ trajectory on the plane of (n, M 2 ) adopting the relation M 2 = M 2 0 + (n − 1)µ 2 from Ref. [38] , where M 0 is the ground state mass, n the radial quantum number, and µ 2 the slope parameter of the trajectory. It shows that X(1835), X(2120) and X(2370) can be well accommodated into the trajectory.
Our assignment to X(2370) and X(2120) here is different from that suggested in Ref. [39] , where X(2120) and X(2370) are assumed as the third radial excitations of η(548) and η ′ (958), respectively. In Ref. [39] , it was concluded that X(2120) and X(2370) can not be understood as the third radial excitations of η(548) and η ′ (958) while X(2370) is probably a mixture of η ′ (4 1 S 0 ) and glueball. In this work, we expect that a systematic study of the two-body and double pion strong decays of all these states would provide useful information for our understanding of the η and η ′ spectrum. [38] . The η and η ′ trajectories are marked by "⊙" and "▽", respectively. The red points are experimental data from the PDG [24] .
III. TWO-BODY AND THREE-BODY STRONG DECAYS

A. Quark pair creation model
In the following, we give a brief review of the QPC model (also known as 3 P 0 model) adopted in this work for the study of the strong decays of the states in the η − η ′ family. Early developments of this method can be found in the literature [40] [41] [42] [43] [44] [45] [46] . It has also been broadly applied to the study of hadron properties related to recent progresses on the hadron spectroscopy [23, [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] . In the QPC model, a transition operator T is introduced to describe a quark-antiquark pair creation from the vacuum
where dimensionless parameter γ denotes the creation strength of a quark-antiquark pair with quantum number J PC = 0 ++ . i and j are the S U(3) color indices of the created quark and anti-quark. ϕ 
is the ℓth solid harmonic polynomial. The schematic diagrams in Fig. 4 illustrate the decay transitions via the quark pair creation process. Note that the right diagram in Fig. 4 is valid only when the quark components in mesons A, B and C are the same as each other.
The expression of decay width in the QPC model is written as
where M JL is the partial wave amplitude and related to the helicity amplitude M M J A M J B M J C according to the Jacob-Wick formula [63] . The helicity amplitude
A detailed review of the QPC model and calculation of the transition amplitude BC|T |A have been given in Ref. [62] , where the simple harmonic oscillator (SHO) wave function is applied to describe the meson spatial wave function
where P(k 2 ) is a polynomial in terms of k 2 , the relative momentum between the quark and the anti-quark within a meson, and N nL represents the normalization coefficient.
B. Strong decay behavior
Before presenting the calculation results for the strong decays of η(1295), η(1440), η(1760), X(1835), X(2120), X(2370), we briefly introduce the mixing scheme of the η − η ′ family. In the SU(3) quark model, the physical states η(nS ) and η ′ (nS ) with the same radial excitation quantum number could be the mixtures of η q (nS ) and η s (nS ) in the flavor basis
where η q (nS ) and η s (nS ) are the flavor wave functions
(|uū + |dd ) and |η s (nS ) = |ss , respectively. For instance, η(548)/η ′ (958) are the ground states with n = 1, for which the commonly adopted mixing angle is θ 1 = (39.3 ±1.0)
• [64] . For the first radial excitations, η(1295) and η(1475) are organized as the physical states with mixing angle θ 2 . For η(1760)/X(1835) and X(2120)/X(2370) to be discussed in the following subsections, mixing angles θ 3 , θ 4 and θ 5 are introduced respectively. In contrast with the better determined mixing angle θ 1 , information about other mixing angles θ α (α = 2, 3, 4, 5) is still absent. We expect that the θ α -dependence of the resonance decay widths may provide some constraints on the mixing angles.
The two-body and double pion decay channels which are allowed by the conservation law are listed in Table 5 for η(1295), η(1440), η(1760), X(1835), X(2120), and X(2370). We assume that the double pion decay occurs through the intermediate scalar mesons, such as σ and f 0 (980).
By the QPC model, the general expressions of the partial wave amplitudes for the strong decays of η(1295)/η(1440), η(1760)/X(1835), X(2120)/X(2370) are obtained and listed in Table II . Ξ kℓ i j (nS ) (Ξ = I, U, Q, G) is extracted from the spatial integral, which describes the overlap of the initial pseudoscalar meson with the radial quantum number n and the created pair within the two final mesons. Here, the simple harmonic oscillator (SHO) wave function
is introduced in the calculation of the spatial integrals.
The input parameters, which include the R values in the SHO wave functions, flavor wave functions, masses, and the creation strength of a quark-antiquark pair from vacuum, are collected in Table. III.
For estimating the double pion decay widths, we assume that the double pion decays listed in 
where X denotes any of states in the η − η ′ family. Γ X→η+S (r) is obtained in the QPC model. The effective Lagrangian describing the interaction of scalar state (S = σ, f 0 (980)) with two pions is written as
where the coupling constants g σ = 2.60 ∼ 3.35 GeV and g f 0 = 0.83 ∼ 1.30 GeV are determined by the total widths of σ and f 0 (980), i.e. Γ σ = 600 ∼ 1000 MeV and Γ f 0 = 40 ∼ 100 MeV [24] . The decay amplitudes of S → ππ are
with p 1 (r) denotes the three-vector momentum of the final state pion in the initial scalar rest frame. In this work, we also discuss the sequential decay X → π + a 0 (980) → ηππ. The general expression of the decay width of
where the decay width Γ a (1450) ω (782)ω (782) ω(782)ω(1420) φφ Decay modes Partial wave amplitude 
IV. NUMERICAL RESULT
In this Section, the numerical results for states η(1295), η(1475), η(1760), X(1835), X(2120) and X(2370), are presented by pairing them as the η(nS )/η ′ (nS ) partners. In the QPC model, the predicted partial widths will have dependence on the harmonic oscillator strength R. Thus, we will illustrate the partial widths in terms of R. By adopting the data for some of those measured channels, we can then examine the model predictions within a fixed range of R.
η(1295) and η(1475)
The R-dependence of the total decay widths of η(1295)/η(1475) are shown in Figs. 7 (a) and 8 (a) , where their total decay widths are from the two-body and double pion decays. For η(1295), there exists overlap between the theoretical result and experimental measurement with R = 3.66 ∼ 3.69 GeV −1 , which is close to the value given in Ref. [54] . For η(1475), the R range (R = 3.91 ∼ 4.16 GeV −1 ) for the overlap between the experimental and theoretical values is larger than that for η(1295) as shown in Fig. 8 [24] and close to the central value (Γ = 54 MeV) given by the Mark III Collaboration [75] . Regarding this situation, we expect more precise experimental measurement of the η(1475) resonance parameter, e.g. from BES-III, will help clarify this problem.
In Fig. 7 (b) , it shows that η(1295) can dominantly decay into ηππ via the intermediate scalars. For η(1475), the ηππ decay width is a slightly larger than that of η ′ ππ, as shown by Fig. 8 (b) . Since ηπ is the dominant decay of a 0 (980) [24] , the a 0 (980)π should be an important contributing channel in η(1295)/η(1475) → a 0 (980)π → ηππ. In 
η(1760) and X(1835)
The calculation results for the η(1760) and X(1835) decays in terms of R are presented in Figs. 9 and 10, respectively. As shown by Figs. 9 (a) and 10 (a), the total decay width of η(1760) can fit the central value of the experimental width with R = 3.62 ∼ 3.63 GeV −1 or R = 4.26 ∼ 4.27 GeV −1 , due to large experimental uncertainties with the η(1760) width.
To some extent, the behavior of partial decay width of η(1760) with R = 3.62 ∼ 3.63 GeV −1 (see Fig. 9 (d) ) can reflect the experimental observation of η(1760) well. In this range, the partial widths are consistent with its signals observed in J/ψ → γωω [35] and γρρ [36] . The two-body partial decay widths of η(1760) are given in Fig.  9 (d) , from which one sees that ρ(770)ρ(770)
BES-II and BES-III have given different widths (the dashed lines with yellow and blue bands) for X(1835) as shown in Fig.  10 (a) . When comparing our calculation with the experimental width, we still adopt the resonance parameter from BES-II. It shows that the calculated decay width of X(1835) under the assignment of the second radial excitation of η ′ (958) is consistent with the BES-II measurement. The obtained R falls into 4.20 ∼ 4.22 GeV −1 , which corresponds to the width of X(1835) given by BES-II. This R value is quite close to that for η(1760), and consistent with the estimate in Ref. [54] . The results presented in Fig. 10 
X(2120)
The strong decay behaviors of X(2120) are presented in Figs. 11-12. As shown in Fig. 11 (a) , the experimental width of X(2120) can be reproduced by assuming X(2120) as the third radial excitation of η(548) with R = 4.51 ∼ 4.55 GeV −1 . This range is also consistent with the R range estimated in Ref. [54] . The two-body partial decay widths of X(2120) in Fig. 11 MeV and Γ(X(2120) → a 2 (1700)π) = 9.2 ∼ 11.3 MeV. It should be noted that decays X(2120) → a 0 (1450)π, a 0 (980)π occur via S -wave while X(2120) → a 2 (1700)π is via P-wave, which explains that the P-wave decay width is smaller than the S -wave.
The decay of X(2120) → a 0 (980)π → ηππ occurs with considerable decay width due to the large coupling of a 0 (980) → ηπ. The results are shown in Fig. 11 (c) . Moreover, intermediate scalar states, i.e. σ and f 0 (980), have also important contributions to the double pion decay channels, e.g. X(2120) → ηππ, η ′ ππ. The results are presented in Fig. 11  (b) .
Under the assignment of the third radial excitation of η ′ (958), one obtains the total decay width of X(2120) (see Fig.  12 (a) ). We can still find the overlap between theoretical and experimental total decay widths, with the obtained central values of R = 4.64 ∼ 4.66 GeV −1 . This range is consistent with that for X(2120) as the third radial excitation of η(548). The results in Fig. 12 (d)-(f) show that a 0 (1450)π and a 0 (980)π are the main decay modes of X(2120) if it is the third radial excitation of η(958). This determines a sizeable decay width of X(2120) → a 0 (980)π → ηππ (see Fig. 12 (c) ). Again, we find important contributions from the intermediate scalar state in the double pion decays (see Fig. 12 (b) ). The calculation suggests that both ηππ and η ′ ππ are important double pion decay modes of X(2120).
Note that in Sec. II, the analysis of the mass spectrum of η − η ′ family indicates that there exists the partner of X(2120) with the mass very close to that of X(2120). Because of this, it is natural to set the mass of the partner of X(2120) the same as 2.12 GeV. Thus, the above results should have reflected the theoretical expectations of the X(2120) decay behavior as the third radial excitation of η(548) or η ′ (958).
X(2370)
In this Subsection, we present the results for X(2370) as the fourth radial excitation of η(548) or η ′ (958) in Figs. 13 and 14. Notice that more decay channels are open for X(2370).
As the fourth radial excitation of η(548), the obtained total decay width of X(2370) are consistent with the experimental data (see Fig. 13 (a) ), where the central values of R are about 5 GeV −1 . The corresponding two-body decays indicates X(2370) mainly decays into a 0 (980)π, a 0 (980)π, which are shown in Fig. 13 (d)-(h) . In addition, KK * and a 2 (1320)π channels also play an important role here. These implies the dominant contributions from intermediate scalars to the double pion decays of X(2370) → ηππ, η ′ ππ and η(1295)ππ as shown in Fig. 13 (c) .
If categorizing X(2370) as the fourth radial excitation of η ′ (958), one also obtains the total decay width of X(2370) consistent with the experimental data with R = 4.95 ∼ 4.96 GeV −1 . The comparison is shown in Fig. 14 (a) . The results in Fig. 14 
V. DISCUSSION AND CONCLUSION
The confirmation of X(1835) and observation of two new resonances, X(2120) and X(2370), by the BES-III Collaboration have inspired a lot efforts in the study of light hadron spectroscopy. In particular, it largely enriches our knowledge about the isoscalar and pseudoscalar spectrum. As stated earlier, π(1300), K(1460), η(1295), and η(1475) naturally make the first radial excitation states of 0 − mesons. Our speculation is that the second radial excitation nonet can be formed by π(1800), K(1830), η(1760) and X(1835). This categorizing scheme is in good agreement with the qualitative expectation of their mass spectrum in the constituent quark model. This scheme also allows us to accommodate X(2120) and X(2375) in the isoscalar pseudoscalar family as higher radial excitation states.
Within this categorizing scheme, we calculate the strong decay widths of these states in the QPC model to compare with the available experimental data. The results show that η(1295), η(1760) are good candidates of the first and the second radial excitations of η(548), while X(1835) can be explained as the second radial excitation of η ′ (958). With a reasonable R range, the calculated total decay widths of η(1295), η(1760), X(1835) agree well with the experimental data.
For η(1475), the R range is larger than that for η(1295) if one requires the calculated width to fit the experimental data well. Under such a condition, the decay mode a 0 (98)π becomes the main contributor to the total width for η(1475) which, however, does not coincide with the experimental observation since η(1475) mainly decays into KKπ. By assigning η(1475) as the partner of η(1295), and thus its R range being the same as that of η(1295), we find that the decay width of KK * + c.c. becomes comparable with that of a 0 (980)π. The dominance of the KKπ decay mode can be recovered. It is likely that the total width of η(1475) was overestimated by experiment due to large uncertainties. Therefore, more precise data for the η(1475) resonance parameters are strongly recommended in future experiment.
Our calculation suggests that X(2120) and X(2370) could be as the third and fourth radial excitations of η(548)/η ′ (958), respectively. Since the masses of the partners of the same radial excitations are close to each other, we analyze both possibilities and predict their strong decay patterns. It should be useful for experimental search for their partners in other channels such as ηππ and KKπ.
It is interesting to note that apart from those three enhancements X(1835), X(2120) and X(2370), an enhancement around 1.5 GeV also appears in the η ′ ππ invariant spectrum [1] . A possible assignment to f 1 (1510) was discussed in Ref. [1] . We notice that that a pseudoscalar state η(1475) would be favored by an S -wave decay into η ′ ππ, while f 1 (1510) → η ′ ππ would be via P-wave. Our calculation shows that η(1475) should have a sizeable contribution to the η ′ ππ invariant mass spectrum. The slight mass shift could be due to its interferences with other contributions. Thus, to make sure wether there is η(1475) contribution in the η ′ π + π − mode, a partial wave analysis with η(1475) included in the fit should be tested. We also mention that, as the second radial excitation of η(548), the dominant double pion decay channel of η(1760) is via η(1760) → ηππ instead of η(1760) → η ′ ππ. Therefore, it may not appear predominant in the η ′ ππ invariant mass spectrum. It should also be recognized that the inclusion of η(1760) will have important interfering effects with other resonance amplitudes, which could be essential for extracting the resonance parameters in the partial wave analysis. We expect that the future partial wave analysis from BES-III can testify this point.
To summarize, the new data from BES-III have provided important information on the pseudoscalar spectrum, and could be so-far the first observation of higher radial excitations of η/η ′ states. It will greatly enrich our knowledge about the light hadron spectrum, and be useful for further efforts on the study of exotic states in both experiment and theory. We expect that more experimental data from BES-III in the near future will bring great opportunities for our understanding of the strong QCD in the light hadron sector. [24] 1229.5 b
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